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Overview

‣ Classification / regression: 
‣ Continuous inputs 
‣ Labels (truth values) available 
‣ Not interested in the NN function,  only its output

‣ (Continuous) optimization 
‣ Continuous input/output 
‣ Can find minimum with SGD

‣ Semi-supervised: 
‣ Continuous inputs 
‣ Labels (truth values) not available 
‣ Interested in the NN function itself

‣ Generative Models 
‣ Discrete or continuous inputs/outputs 
‣ Labels not available 
‣ Not interested in the NN function,  only its output

‣ Discrete optimization 
‣ Discrete inputs (no SGD possible) 
‣ Labels not available 
‣ Not interested in the NN function,  only its output



Discrete Math as RL problems
‣ Want provable results 
‣ Setup RL algorithm that solves the “yes”-instances of the decision 

problem: “Does object O have property X” 
• The algorithm should halt on the “yes”  

instances and produce a truth certificate 
 
 
 
 

• The algorithm can run forever  
on the “no” instances

[cartoon by Sidney Harris]
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=

<latexit sha1_base64="J/wzsS3rFQoBbzuLmGotn6iaI5A=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7TK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStXbLI48nMApnIMHl1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCQrYzN</latexit>

=

<latexit sha1_base64="J/wzsS3rFQoBbzuLmGotn6iaI5A=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7TK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStXbLI48nMApnIMHl1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCQrYzN</latexit>
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Knots as RL problems

=

<latexit sha1_base64="J/wzsS3rFQoBbzuLmGotn6iaI5A=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7TK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStXbLI48nMApnIMHl1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCQrYzN</latexit>



Unknot Decision Problem
Unknot decision problem  
Is a given knot a representation  
of the unknot

[image: wikipedia]

Smooth Poincare Conjecture 4D  
Can anything that looks like a  
sphere be cont. deformed into 
a sphere in 4D?

How is this an RL problem?
Looks like a cont problem

What if all knots are unknots?
Do non-trivial knots even exist?



Reidemeister Moves
‣ Reidemeister proved that non-trivial knots exist by proving that all 

equivalent knots can be related to one another by a sequence of three 
moves

Twist/Untwist Poke/Unpoke Slide



Unknot Decision Problem

=

<latexit sha1_base64="J/wzsS3rFQoBbzuLmGotn6iaI5A=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7TK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStXbLI48nMApnIMHl1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCQrYzN</latexit>



Braids and Knots
Definition (Braid group Bn): Non-abelian group with n generators <latexit sha1_base64="HrlXOdV9+Om5sZoIuHmN12xt8tk=">AAACDnicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8lkMm1okhmSjFCG/oO41e9wJ279BT/DPzDTzsJaD4QczjkX7j1Bwpk2rvvllNbWNza3ytuVnd29/YPq4VFHx6kitE1iHqtegDXlTNK2YYbTXqIoFgGn3WBym/vdR6o0i+WDmSbUF3gkWcQINlbqDTQbCTxkw2rNrbtzoFXiFaQGBVrD6vcgjEkqqDSEY637npsYP8PKMMLprDJINU0wmeAR7VsqsaDaz+b7ztCZVUIUxco+adBc/T2RBYGwqSDmIdJTYX+9ZGOhc9lGBDbjFS8X//P6qYmu/YzJJDVUksUeUcqRiVHeDQqZosTwqSWYKGZPQWSMFSbGNlixHXl/G1klnYu6d1lv3DdqzZuirTKcwCmcgwdX0IQ7aEEbCHB4hhd4dZ6cN+fd+VhES04xcwxLcD5/ACMDnHk=</latexit>�i

‣ Braid relation 1:  

‣ Some braid generators commute:

�1

<latexit sha1_base64="+gC1jYrR5ZRQ4Q/xN+iCxuQ1df0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7ho+kNgLeqWyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSfOyElQr1ftquXaTx1GAUziDCwjgCmpwB3VoAAUBz/AKb96j9+K9ex+L1jUvnzmBP/A+fwDIC4/O</latexit>

�3

<latexit sha1_base64="Y92CbWXk+9bG5WXIKHXIrPrEUAM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1eoYNBe5f9ssVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJvfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfB1mTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6ikgshWH55lbQuqkGtWruvVeo3eRxFOIFTOIcArqAOd9CAJhDg8Ayv8OY9ei/eu/exaC14+cwx/IH3+QPLE4/Q</latexit>

�2

<latexit sha1_base64="ZuMyHbgac7lYSNXvA23FRZQouV8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB6DXjxGMA9IljA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk7q9g0bCTyoDcoVv+ovgNZJkJMK5GgOyl/9oSKpoNISjo3pBX5iwwxrywins1I/NTTBZIJHtOeoxIKaMFvcO0MXThmiWGlX0qKF+nsiw8KYqYhcp8B2bFa9ufif10ttfB1mTCappZIsF8UpR1ah+fNoyDQllk8dwUQzdysiY6wxsS6ikgshWH15nbRr1aBerd/XK42bPI4inME5XEIAV9CAO2hCCwhweIZXePMevRfv3ftYtha8fOYU/sD7/AHJj4/P</latexit>

=

�1

<latexit sha1_base64="+gC1jYrR5ZRQ4Q/xN+iCxuQ1df0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7ho+kNgLeqWyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSfOyElQr1ftquXaTx1GAUziDCwjgCmpwB3VoAAUBz/AKb96j9+K9ex+L1jUvnzmBP/A+fwDIC4/O</latexit>

�3

<latexit sha1_base64="Y92CbWXk+9bG5WXIKHXIrPrEUAM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1eoYNBe5f9ssVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJvfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfB1mTCappZIsFsUpR1ah2fNowDQllk8cwUQzdysiI6wxsS6ikgshWH55lbQuqkGtWruvVeo3eRxFOIFTOIcArqAOd9CAJhDg8Ayv8OY9ei/eu/exaC14+cwx/IH3+QPLE4/Q</latexit>

�2

<latexit sha1_base64="ZuMyHbgac7lYSNXvA23FRZQouV8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB6DXjxGMA9IljA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk7q9g0bCTyoDcoVv+ovgNZJkJMK5GgOyl/9oSKpoNISjo3pBX5iwwxrywins1I/NTTBZIJHtOeoxIKaMFvcO0MXThmiWGlX0qKF+nsiw8KYqYhcp8B2bFa9ufif10ttfB1mTCappZIsF8UpR1ah+fNoyDQllk8dwUQzdysiY6wxsS6ikgshWH15nbRr1aBerd/XK42bPI4inME5XEIAV9CAO2hCCwhweIZXePMevRfv3ftYtha8fOYU/sD7/AHJj4/P</latexit>

if |i� j| > 1

<latexit sha1_base64="ueSq3SP2v7l38FSVT5/NPuHsSJA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCupFil48VrAf0i4lm2bb2CS7JFmhbPsrvHhQxKs/x5v/xrTdg1YfDDzem2FmXhBzpo3rfjm5peWV1bX8emFjc2t7p7i719BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5P/eYjVZpF8s6MYuoL3JcsZAQbK92P2cnDGF0ir1ssuWV3BvSXeBkpQYZat/jZ6UUkEVQawrHWbc+NjZ9iZRjhdFLoJJrGmAxxn7YtlVhQ7aezgyfoyCo9FEbKljRopv6cSLHQeiQC2ymwGehFbyr+57UTE577KZNxYqgk80VhwpGJ0PR71GOKEsNHlmCimL0VkQFWmBibUcGG4C2+/Jc0TstepXxxWylVr7I48nAAh3AMHpxBFW6gBnUgIOAJXuDVUc6z8+a8z1tzTjazD7/gfHwDbcOPhw==</latexit>

�i�j = �j�i

<latexit sha1_base64="pVD7sWrt92GtGzBizBbtgrdEttc=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoC6EohuXFewD2qFk0kwbm2SGJCOUoR/gxl9x40IRt36AO//GtJ2Cth4IOZxzLsk9QcyZNq777eSWlldW1/LrhY3Nre2d4u5eXUeJIrRGIh6pZoA15UzSmmGG02asKBYBp41gcD32Gw9UaRbJOzOMqS9wT7KQEWys1CmW2pr1BO6w7L5Hl2hGZ5ZNuWV3ArRIvIyUIEO1U/xqdyOSCCoN4VjrlufGxk+xMoxwOiq0E01jTAa4R1uWSiyo9tPJMiN0ZJUuCiNljzRoov6eSLHQeigCmxTY9PW8Nxb/81qJCc/9lMk4MVSS6UNhwpGJ0LgZ1GWKEsOHlmCimP0rIn2sMDG2v4ItwZtfeZHUT8reafni9rRUucrqyMMBHMIxeHAGFbiBKtSAwCM8wyu8OU/Oi/PufEyjOSeb2Yc/cD5/AK8Im2g=</latexit>

‣ Braid relation 2:  

‣ Can rearrange the braid:

�1

<latexit sha1_base64="+gC1jYrR5ZRQ4Q/xN+iCxuQ1df0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7ho+kNgLeqWyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSfOyElQr1ftquXaTx1GAUziDCwjgCmpwB3VoAAUBz/AKb96j9+K9ex+L1jUvnzmBP/A+fwDIC4/O</latexit>

�1

<latexit sha1_base64="+gC1jYrR5ZRQ4Q/xN+iCxuQ1df0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7ho+kNgLeqWyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSfOyElQr1ftquXaTx1GAUziDCwjgCmpwB3VoAAUBz/AKb96j9+K9ex+L1jUvnzmBP/A+fwDIC4/O</latexit>

�1

<latexit sha1_base64="+gC1jYrR5ZRQ4Q/xN+iCxuQ1df0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7ho+kNgLeqWyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSfOyElQr1ftquXaTx1GAUziDCwjgCmpwB3VoAAUBz/AKb96j9+K9ex+L1jUvnzmBP/A+fwDIC4/O</latexit>

�2

<latexit sha1_base64="ZuMyHbgac7lYSNXvA23FRZQouV8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB6DXjxGMA9IljA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk7q9g0bCTyoDcoVv+ovgNZJkJMK5GgOyl/9oSKpoNISjo3pBX5iwwxrywins1I/NTTBZIJHtOeoxIKaMFvcO0MXThmiWGlX0qKF+nsiw8KYqYhcp8B2bFa9ufif10ttfB1mTCappZIsF8UpR1ah+fNoyDQllk8dwUQzdysiY6wxsS6ikgshWH15nbRr1aBerd/XK42bPI4inME5XEIAV9CAO2hCCwhweIZXePMevRfv3ftYtha8fOYU/sD7/AHJj4/P</latexit>

�2

<latexit sha1_base64="ZuMyHbgac7lYSNXvA23FRZQouV8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB6DXjxGMA9IljA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk7q9g0bCTyoDcoVv+ovgNZJkJMK5GgOyl/9oSKpoNISjo3pBX5iwwxrywins1I/NTTBZIJHtOeoxIKaMFvcO0MXThmiWGlX0qKF+nsiw8KYqYhcp8B2bFa9ufif10ttfB1mTCappZIsF8UpR1ah+fNoyDQllk8dwUQzdysiY6wxsS6ikgshWH15nbRr1aBerd/XK42bPI4inME5XEIAV9CAO2hCCwhweIZXePMevRfv3ftYtha8fOYU/sD7/AHJj4/P</latexit>

�2

<latexit sha1_base64="ZuMyHbgac7lYSNXvA23FRZQouV8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB6DXjxGMA9IljA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk7q9g0bCTyoDcoVv+ovgNZJkJMK5GgOyl/9oSKpoNISjo3pBX5iwwxrywins1I/NTTBZIJHtOeoxIKaMFvcO0MXThmiWGlX0qKF+nsiw8KYqYhcp8B2bFa9ufif10ttfB1mTCappZIsF8UpR1ah+fNoyDQllk8dwUQzdysiY6wxsS6ikgshWH15nbRr1aBerd/XK42bPI4inME5XEIAV9CAO2hCCwhweIZXePMevRfv3ftYtha8fOYU/sD7/AHJj4/P</latexit>

�i�i+1�i = �i+1�i�i+1

<latexit sha1_base64="QXwKLvVp2O4nTjnkQIj6eJQqIi8=">AAACKHicbZDLSgMxFIbPeK31NurSTbAIglBmpKAuxKIblxXsBdphyKRpG5rMDElGKEMfx42v4kZEkW59EtN2hNr2QMjP959Dcv4g5kxpxxlZK6tr6xubua389s7u3r59cFhTUSIJrZKIR7IRYEU5C2lVM81pI5YUi4DTetC/H/v1ZyoVi8InPYipJ3A3ZB1GsDbIt29binUF9ll2p+zcHf4xdIOW4Vnm2wWn6EwKLQo3EwXIquLbH612RBJBQ004VqrpOrH2Uiw1I5wO861E0RiTPu7SppEhFlR56WTRITo1pI06kTQn1GhCZydSLJQaiMB0Cqx7at4bw2VeM9GdKy9lYZxoGpLpQ52EIx2hcWqozSQlmg+MwEQy81dEelhiok22eROCO7/yoqhdFN1S8fqxVCjfZXHk4BhO4AxcuIQyPEAFqkDgBd7gE76sV+vd+rZG09YVK5s5gn9l/fwCiR6m5A==</latexit>

=



‣ Every knot can be described as the closure of a braid 

‣ On braids, Reidemeister moves translate to 2 Markov moves plus braid 
relations 

‣ Simplifying a knot then becomes a shortest word problem in group theory 
‣ The word problem is in general undecidable, but it is decidable for braids 
‣ For knots, the complexity is at least as hard as the unknot decision problem

Moves on knots



‣ Actions: By Markov’s theorem, two closed braids that represent the 
same link can be transformed into each other using 
• Braid relations (                        if                ,                                             ) 

• Markov moves (Conjugation, Stabilization) 

• In practice, the number of actions grows with N = length of braid word 

✦ Need to specify the position where to apply braid relation 1       N  moves 

✦ Need to specify the position where to apply braid relation 2       N  moves 

✦ Need to specify the element with which to conjugate      N  moves 

• Conjugation can and stabilization does change the length of the braid word 
      The length of the input to the NN varies       zero-pad braids to length 2N 

Find the unknot with RL

|i� j| > 1

<latexit sha1_base64="ueSq3SP2v7l38FSVT5/NPuHsSJA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCupFil48VrAf0i4lm2bb2CS7JFmhbPsrvHhQxKs/x5v/xrTdg1YfDDzem2FmXhBzpo3rfjm5peWV1bX8emFjc2t7p7i719BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5P/eYjVZpF8s6MYuoL3JcsZAQbK92P2cnDGF0ir1ssuWV3BvSXeBkpQYZat/jZ6UUkEVQawrHWbc+NjZ9iZRjhdFLoJJrGmAxxn7YtlVhQ7aezgyfoyCo9FEbKljRopv6cSLHQeiQC2ymwGehFbyr+57UTE577KZNxYqgk80VhwpGJ0PR71GOKEsNHlmCimL0VkQFWmBibUcGG4C2+/Jc0TstepXxxWylVr7I48nAAh3AMHpxBFW6gBnUgIOAJXuDVUc6z8+a8z1tzTjazD7/gfHwDbcOPhw==</latexit>

�i�j = �j�i

<latexit sha1_base64="pVD7sWrt92GtGzBizBbtgrdEttc=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoC6EohuXFewD2qFk0kwbm2SGJCOUoR/gxl9x40IRt36AO//GtJ2Cth4IOZxzLsk9QcyZNq777eSWlldW1/LrhY3Nre2d4u5eXUeJIrRGIh6pZoA15UzSmmGG02asKBYBp41gcD32Gw9UaRbJOzOMqS9wT7KQEWys1CmW2pr1BO6w7L5Hl2hGZ5ZNuWV3ArRIvIyUIEO1U/xqdyOSCCoN4VjrlufGxk+xMoxwOiq0E01jTAa4R1uWSiyo9tPJMiN0ZJUuCiNljzRoov6eSLHQeigCmxTY9PW8Nxb/81qJCc/9lMk4MVSS6UNhwpGJ0LgZ1GWKEsOHlmCimP0rIn2sMDG2v4ItwZtfeZHUT8reafni9rRUucrqyMMBHMIxeHAGFbiBKtSAwCM8wyu8OU/Oi/PufEyjOSeb2Yc/cD5/AK8Im2g=</latexit>

�i�i+1�i = �i+1�i�i+1

<latexit sha1_base64="QXwKLvVp2O4nTjnkQIj6eJQqIi8=">AAACKHicbZDLSgMxFIbPeK31NurSTbAIglBmpKAuxKIblxXsBdphyKRpG5rMDElGKEMfx42v4kZEkW59EtN2hNr2QMjP959Dcv4g5kxpxxlZK6tr6xubua389s7u3r59cFhTUSIJrZKIR7IRYEU5C2lVM81pI5YUi4DTetC/H/v1ZyoVi8InPYipJ3A3ZB1GsDbIt29binUF9ll2p+zcHf4xdIOW4Vnm2wWn6EwKLQo3EwXIquLbH612RBJBQ004VqrpOrH2Uiw1I5wO861E0RiTPu7SppEhFlR56WTRITo1pI06kTQn1GhCZydSLJQaiMB0Cqx7at4bw2VeM9GdKy9lYZxoGpLpQ52EIx2hcWqozSQlmg+MwEQy81dEelhiok22eROCO7/yoqhdFN1S8fqxVCjfZXHk4BhO4AxcuIQyPEAFqkDgBd7gE76sV+vd+rZG09YVK5s5gn9l/fwCiR6m5A==</latexit>

)

<latexit sha1_base64="4wBvpVznjABNZuf+wx1UgGItNas=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF49V7AekoWy2m3bpZjfsTpRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrTlDWoEkq3I2KY4JI1kKNg7VQzkkSCtaLhzdRvPTJtuJIPOEpZmJC+5DGnBK0UdO55f4BEa/XULVe8qjeDu0z8nFQgR71b/ur0FM0SJpEKYkzgeymGY6KRU8EmpU5mWErokPRZYKkkCTPheHbyxD2xSs+NlbYl0Z2pvyfGJDFmlES2MyE4MIveVPzPCzKML8Mxl2mGTNL5ojgTLip3+r/b45pRFCNLCNXc3urSAdGEok2pZEPwF19eJs2zqn9evbo7r9Su8ziKcATHcAo+XEANbqEODaCg4Ble4c1B58V5dz7mrQUnnzmEP3A+fwCU+5F5</latexit>

)

<latexit sha1_base64="4wBvpVznjABNZuf+wx1UgGItNas=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF49V7AekoWy2m3bpZjfsTpRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrTlDWoEkq3I2KY4JI1kKNg7VQzkkSCtaLhzdRvPTJtuJIPOEpZmJC+5DGnBK0UdO55f4BEa/XULVe8qjeDu0z8nFQgR71b/ur0FM0SJpEKYkzgeymGY6KRU8EmpU5mWErokPRZYKkkCTPheHbyxD2xSs+NlbYl0Z2pvyfGJDFmlES2MyE4MIveVPzPCzKML8Mxl2mGTNL5ojgTLip3+r/b45pRFCNLCNXc3urSAdGEok2pZEPwF19eJs2zqn9evbo7r9Su8ziKcATHcAo+XEANbqEODaCg4Ble4c1B58V5dz7mrQUnnzmEP3A+fwCU+5F5</latexit>

)

<latexit sha1_base64="4wBvpVznjABNZuf+wx1UgGItNas=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF49V7AekoWy2m3bpZjfsTpRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrTlDWoEkq3I2KY4JI1kKNg7VQzkkSCtaLhzdRvPTJtuJIPOEpZmJC+5DGnBK0UdO55f4BEa/XULVe8qjeDu0z8nFQgR71b/ur0FM0SJpEKYkzgeymGY6KRU8EmpU5mWErokPRZYKkkCTPheHbyxD2xSs+NlbYl0Z2pvyfGJDFmlES2MyE4MIveVPzPCzKML8Mxl2mGTNL5ojgTLip3+r/b45pRFCNLCNXc3urSAdGEok2pZEPwF19eJs2zqn9evbo7r9Su8ziKcATHcAo+XEANbqEODaCg4Ble4c1B58V5dz7mrQUnnzmEP3A+fwCU+5F5</latexit>

)

<latexit sha1_base64="4wBvpVznjABNZuf+wx1UgGItNas=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF49V7AekoWy2m3bpZjfsTpRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrTlDWoEkq3I2KY4JI1kKNg7VQzkkSCtaLhzdRvPTJtuJIPOEpZmJC+5DGnBK0UdO55f4BEa/XULVe8qjeDu0z8nFQgR71b/ur0FM0SJpEKYkzgeymGY6KRU8EmpU5mWErokPRZYKkkCTPheHbyxD2xSs+NlbYl0Z2pvyfGJDFmlES2MyE4MIveVPzPCzKML8Mxl2mGTNL5ojgTLip3+r/b45pRFCNLCNXc3urSAdGEok2pZEPwF19eJs2zqn9evbo7r9Su8ziKcATHcAo+XEANbqEODaCg4Ble4c1B58V5dz7mrQUnnzmEP3A+fwCU+5F5</latexit>

)

<latexit sha1_base64="4wBvpVznjABNZuf+wx1UgGItNas=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF49V7AekoWy2m3bpZjfsTpRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrTlDWoEkq3I2KY4JI1kKNg7VQzkkSCtaLhzdRvPTJtuJIPOEpZmJC+5DGnBK0UdO55f4BEa/XULVe8qjeDu0z8nFQgR71b/ur0FM0SJpEKYkzgeymGY6KRU8EmpU5mWErokPRZYKkkCTPheHbyxD2xSs+NlbYl0Z2pvyfGJDFmlES2MyE4MIveVPzPCzKML8Mxl2mGTNL5ojgTLip3+r/b45pRFCNLCNXc3urSAdGEok2pZEPwF19eJs2zqn9evbo7r9Su8ziKcATHcAo+XEANbqEODaCg4Ble4c1B58V5dz7mrQUnnzmEP3A+fwCU+5F5</latexit>

[Markov `36]



‣ Better set of actions: use high-level actions composed of 
• Conjugation (only conjugate with elements at the end of the braid word)      2 

moves (shift generators left/right) 

• Stabilization (only stabilize/destabilize on the right)       1 move  

• Apply braid relations at first possible occurrence and shift this occurrence to the 
end via conjugation 

• Bundle destabilization + removing inverses in the braid into one action 

‣ States: zero-padded braid words of length 2N

Find the unknot with RL

)

<latexit sha1_base64="4wBvpVznjABNZuf+wx1UgGItNas=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF49V7AekoWy2m3bpZjfsTpRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrTlDWoEkq3I2KY4JI1kKNg7VQzkkSCtaLhzdRvPTJtuJIPOEpZmJC+5DGnBK0UdO55f4BEa/XULVe8qjeDu0z8nFQgR71b/ur0FM0SJpEKYkzgeymGY6KRU8EmpU5mWErokPRZYKkkCTPheHbyxD2xSs+NlbYl0Z2pvyfGJDFmlES2MyE4MIveVPzPCzKML8Mxl2mGTNL5ojgTLip3+r/b45pRFCNLCNXc3urSAdGEok2pZEPwF19eJs2zqn9evbo7r9Su8ziKcATHcAo+XEANbqEODaCg4Ble4c1B58V5dz7mrQUnnzmEP3A+fwCU+5F5</latexit>

)

<latexit sha1_base64="4wBvpVznjABNZuf+wx1UgGItNas=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF49V7AekoWy2m3bpZjfsTpRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrTlDWoEkq3I2KY4JI1kKNg7VQzkkSCtaLhzdRvPTJtuJIPOEpZmJC+5DGnBK0UdO55f4BEa/XULVe8qjeDu0z8nFQgR71b/ur0FM0SJpEKYkzgeymGY6KRU8EmpU5mWErokPRZYKkkCTPheHbyxD2xSs+NlbYl0Z2pvyfGJDFmlES2MyE4MIveVPzPCzKML8Mxl2mGTNL5ojgTLip3+r/b45pRFCNLCNXc3urSAdGEok2pZEPwF19eJs2zqn9evbo7r9Su8ziKcATHcAo+XEANbqEODaCg4Ble4c1B58V5dz7mrQUnnzmEP3A+fwCU+5F5</latexit>



‣ Reward: Want to get to the shortest braid word as quickly as possible. “Reward” agent with 
negative braid length (i.e. agent is only punished) 

‣ Policy and state value function: Use 2 neural nets with architectures 

‣ Terminal state:

• End if the braid word is empty (in this case the knot is the unknot) 

• End after 300 actions (if the braid cannot be simplified further; the agent will perform idle 
actions that do not change the braid length, e.g. shift left/right)

Find the unknot with RL

…

… … … …
ReLU

<latexit sha1_base64="kUlR+vTfje9HLQQQxLM/D3qqd44=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe4koHZBGwuLKF4SyB1hbzNJlux9sDsnhiN/w8ZCEVv/jJ3/xk1yhSY+GHi8N8PMvCCRQqNtf1uFldW19Y3iZmlre2d3r7x/0NRxqji4PJaxagdMgxQRuChQQjtRwMJAQisYXU/91iMoLeLoAccJ+CEbRKIvOEMjeR7CE2b0Hm7dSbdcsav2DHSZODmpkByNbvnL68U8DSFCLpnWHcdO0M+YQsElTEpeqiFhfMQG0DE0YiFoP5vdPKEnRunRfqxMRUhn6u+JjIVaj8PAdIYMh3rRm4r/eZ0U+xd+JqIkRYj4fFE/lRRjOg2A9oQCjnJsCONKmFspHzLFOJqYSiYEZ/HlZdI8qzq16uVdrVK/yuMokiNyTE6JQ85JndyQBnEJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5A9CKkY8=</latexit>

ReLU

<latexit sha1_base64="kUlR+vTfje9HLQQQxLM/D3qqd44=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe4koHZBGwuLKF4SyB1hbzNJlux9sDsnhiN/w8ZCEVv/jJ3/xk1yhSY+GHi8N8PMvCCRQqNtf1uFldW19Y3iZmlre2d3r7x/0NRxqji4PJaxagdMgxQRuChQQjtRwMJAQisYXU/91iMoLeLoAccJ+CEbRKIvOEMjeR7CE2b0Hm7dSbdcsav2DHSZODmpkByNbvnL68U8DSFCLpnWHcdO0M+YQsElTEpeqiFhfMQG0DE0YiFoP5vdPKEnRunRfqxMRUhn6u+JjIVaj8PAdIYMh3rRm4r/eZ0U+xd+JqIkRYj4fFE/lRRjOg2A9oQCjnJsCONKmFspHzLFOJqYSiYEZ/HlZdI8qzq16uVdrVK/yuMokiNyTE6JQ85JndyQBnEJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5A9CKkY8=</latexit>

ReLU

<latexit sha1_base64="kUlR+vTfje9HLQQQxLM/D3qqd44=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe4koHZBGwuLKF4SyB1hbzNJlux9sDsnhiN/w8ZCEVv/jJ3/xk1yhSY+GHi8N8PMvCCRQqNtf1uFldW19Y3iZmlre2d3r7x/0NRxqji4PJaxagdMgxQRuChQQjtRwMJAQisYXU/91iMoLeLoAccJ+CEbRKIvOEMjeR7CE2b0Hm7dSbdcsav2DHSZODmpkByNbvnL68U8DSFCLpnWHcdO0M+YQsElTEpeqiFhfMQG0DE0YiFoP5vdPKEnRunRfqxMRUhn6u+JjIVaj8PAdIYMh3rRm4r/eZ0U+xd+JqIkRYj4fFE/lRRjOg2A9oQCjnJsCONKmFspHzLFOJqYSiYEZ/HlZdI8qzq16uVdrVK/yuMokiNyTE6JQ85JndyQBnEJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5A9CKkY8=</latexit>

R200

<latexit sha1_base64="UenuyGROLzms60/azo8MGcUXNBY=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQU1F3Rjcsq9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxqGcx9UI8EixgBGsjDWy7H2I99v30IXtKa46TDeyKU3XmQKvELUgFCjQH9ld/GJEkpEITjpXquU6svRRLzQinWbmfKBpjMsEj2jNU4JAqL50nz9C5UYYoiKR5QqO5+nsjxaFSs9A3k3lOtezl4n9eL9HBlZcyESeaCrI4FCQc6QjlNaAhk5RoPjMEE8lMVkTGWGKiTVllU4K7/OVV0q5V3Xr1+r5eadwUdZTgFM7gAly4hAbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHxhAk1M=</latexit>

R200

<latexit sha1_base64="UenuyGROLzms60/azo8MGcUXNBY=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQU1F3Rjcsq9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxqGcx9UI8EixgBGsjDWy7H2I99v30IXtKa46TDeyKU3XmQKvELUgFCjQH9ld/GJEkpEITjpXquU6svRRLzQinWbmfKBpjMsEj2jNU4JAqL50nz9C5UYYoiKR5QqO5+nsjxaFSs9A3k3lOtezl4n9eL9HBlZcyESeaCrI4FCQc6QjlNaAhk5RoPjMEE8lMVkTGWGKiTVllU4K7/OVV0q5V3Xr1+r5eadwUdZTgFM7gAly4hAbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHxhAk1M=</latexit>

R200

<latexit sha1_base64="UenuyGROLzms60/azo8MGcUXNBY=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQU1F3Rjcsq9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxqGcx9UI8EixgBGsjDWy7H2I99v30IXtKa46TDeyKU3XmQKvELUgFCjQH9ld/GJEkpEITjpXquU6svRRLzQinWbmfKBpjMsEj2jNU4JAqL50nz9C5UYYoiKR5QqO5+nsjxaFSs9A3k3lOtezl4n9eL9HBlZcyESeaCrI4FCQc6QjlNaAhk5RoPjMEE8lMVkTGWGKiTVllU4K7/OVV0q5V3Xr1+r5eadwUdZTgFM7gAly4hAbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHxhAk1M=</latexit>

R2N

<latexit sha1_base64="HcCu6UjgzEf082k+YFF2HWGy1Uw=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiSloO6KblxJFfuANpbJdNoOnUzCzESoIV/ixoUibv0Ud/6NkzYLbT0wcDjnXu6Z40ecKe0439bK6tr6xmZhq7i9s7tXsvcPWiqMJaFNEvJQdnysKGeCNjXTnHYiSXHgc9r2J1eZ336kUrFQ3OtpRL0AjwQbMoK1kfp2qRdgPfb95C59SKo3ad8uOxVnBrRM3JyUIUejb3/1BiGJAyo04ViprutE2kuw1IxwmhZ7saIRJhM8ol1DBQ6o8pJZ8BSdGGWAhqE0T2g0U39vJDhQahr4ZjKLqRa9TPzP68Z6eO4lTESxpoLMDw1jjnSIshbQgElKNJ8agolkJisiYywx0aaroinBXfzyMmlVK26tcnFbK9cv8zoKcATHcAounEEdrqEBTSAQwzO8wpv1ZL1Y79bHfHTFyncO4Q+szx/SaZM3</latexit>

RN+5

<latexit sha1_base64="uk6DP8tiZrL2bWgS6z7P7a+53kQ=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBEEoSRSUXdFN66kin1AG8tkOmmHTiZhZlIoIX/ixoUibv0Td/6Nk7YLbT0wcDjnXu6Z48ecKe0439bS8srq2npho7i5tb2za+/tN1SUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD29yvzmiUrFIPOpxTL0Q9wULGMHaSF3b7oRYD3w/fcie0rvT86xrl5yyMwFaJO6MlGCGWtf+6vQikoRUaMKxUm3XibWXYqkZ4TQrdhJFY0yGuE/bhgocUuWlk+QZOjZKDwWRNE9oNFF/b6Q4VGoc+mYyz6nmvVz8z2snOrj0UibiRFNBpoeChCMdobwG1GOSEs3HhmAimcmKyABLTLQpq2hKcOe/vEgaZ2W3Ur66r5Sq17M6CnAIR3ACLlxAFW6hBnUgMIJneIU3K7VerHfrYzq6ZM12DuAPrM8fQv+Tbw==</latexit>

softmax

<latexit sha1_base64="Uck8cUbnV/OLZ3Ysww5Brx9x+Vc=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IYpidzCZD5rHM9GrCkv/w4kERr/6LN//GSbIHTSxoKKq66e4KY8Et+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zJJYJrlgNOAjWjA0jMhSsEQ5vpn7jkRnLtbqHccw6kvQVjzgl4KSHNrARpFZHIMlo0i2W/LI/A14mQUZKKEO1W/xq9zRNJFNABbG2FfgxdFJigFPBJoV2YllM6JD0WctRRSSznXR29QSfOKWHI21cKcAz9fdESqS1Yxm6TklgYBe9qfif10oguuykXMUJMEXni6JEYNB4GgHuccMoiLEjhBrubsV0QAyh4IIquBCCxZeXSf2sHJyXr+7OS5XrLI48OkLH6BQF6AJV0C2qohqiyKBn9IrevCfvxXv3PuatOS+bOUR/4H3+AH0Xky0=</latexit>

… … … …

ReLU

<latexit sha1_base64="kUlR+vTfje9HLQQQxLM/D3qqd44=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe4koHZBGwuLKF4SyB1hbzNJlux9sDsnhiN/w8ZCEVv/jJ3/xk1yhSY+GHi8N8PMvCCRQqNtf1uFldW19Y3iZmlre2d3r7x/0NRxqji4PJaxagdMgxQRuChQQjtRwMJAQisYXU/91iMoLeLoAccJ+CEbRKIvOEMjeR7CE2b0Hm7dSbdcsav2DHSZODmpkByNbvnL68U8DSFCLpnWHcdO0M+YQsElTEpeqiFhfMQG0DE0YiFoP5vdPKEnRunRfqxMRUhn6u+JjIVaj8PAdIYMh3rRm4r/eZ0U+xd+JqIkRYj4fFE/lRRjOg2A9oQCjnJsCONKmFspHzLFOJqYSiYEZ/HlZdI8qzq16uVdrVK/yuMokiNyTE6JQ85JndyQBnEJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5A9CKkY8=</latexit>

ReLU

<latexit sha1_base64="kUlR+vTfje9HLQQQxLM/D3qqd44=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe4koHZBGwuLKF4SyB1hbzNJlux9sDsnhiN/w8ZCEVv/jJ3/xk1yhSY+GHi8N8PMvCCRQqNtf1uFldW19Y3iZmlre2d3r7x/0NRxqji4PJaxagdMgxQRuChQQjtRwMJAQisYXU/91iMoLeLoAccJ+CEbRKIvOEMjeR7CE2b0Hm7dSbdcsav2DHSZODmpkByNbvnL68U8DSFCLpnWHcdO0M+YQsElTEpeqiFhfMQG0DE0YiFoP5vdPKEnRunRfqxMRUhn6u+JjIVaj8PAdIYMh3rRm4r/eZ0U+xd+JqIkRYj4fFE/lRRjOg2A9oQCjnJsCONKmFspHzLFOJqYSiYEZ/HlZdI8qzq16uVdrVK/yuMokiNyTE6JQ85JndyQBnEJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5A9CKkY8=</latexit>

ReLU

<latexit sha1_base64="kUlR+vTfje9HLQQQxLM/D3qqd44=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe4koHZBGwuLKF4SyB1hbzNJlux9sDsnhiN/w8ZCEVv/jJ3/xk1yhSY+GHi8N8PMvCCRQqNtf1uFldW19Y3iZmlre2d3r7x/0NRxqji4PJaxagdMgxQRuChQQjtRwMJAQisYXU/91iMoLeLoAccJ+CEbRKIvOEMjeR7CE2b0Hm7dSbdcsav2DHSZODmpkByNbvnL68U8DSFCLpnWHcdO0M+YQsElTEpeqiFhfMQG0DE0YiFoP5vdPKEnRunRfqxMRUhn6u+JjIVaj8PAdIYMh3rRm4r/eZ0U+xd+JqIkRYj4fFE/lRRjOg2A9oQCjnJsCONKmFspHzLFOJqYSiYEZ/HlZdI8qzq16uVdrVK/yuMokiNyTE6JQ85JndyQBnEJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5A9CKkY8=</latexit>

R200

<latexit sha1_base64="UenuyGROLzms60/azo8MGcUXNBY=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQU1F3Rjcsq9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxqGcx9UI8EixgBGsjDWy7H2I99v30IXtKa46TDeyKU3XmQKvELUgFCjQH9ld/GJEkpEITjpXquU6svRRLzQinWbmfKBpjMsEj2jNU4JAqL50nz9C5UYYoiKR5QqO5+nsjxaFSs9A3k3lOtezl4n9eL9HBlZcyESeaCrI4FCQc6QjlNaAhk5RoPjMEE8lMVkTGWGKiTVllU4K7/OVV0q5V3Xr1+r5eadwUdZTgFM7gAly4hAbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHxhAk1M=</latexit>

R200

<latexit sha1_base64="UenuyGROLzms60/azo8MGcUXNBY=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQU1F3Rjcsq9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxqGcx9UI8EixgBGsjDWy7H2I99v30IXtKa46TDeyKU3XmQKvELUgFCjQH9ld/GJEkpEITjpXquU6svRRLzQinWbmfKBpjMsEj2jNU4JAqL50nz9C5UYYoiKR5QqO5+nsjxaFSs9A3k3lOtezl4n9eL9HBlZcyESeaCrI4FCQc6QjlNaAhk5RoPjMEE8lMVkTGWGKiTVllU4K7/OVV0q5V3Xr1+r5eadwUdZTgFM7gAly4hAbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHxhAk1M=</latexit>

R200

<latexit sha1_base64="UenuyGROLzms60/azo8MGcUXNBY=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQU1F3Rjcsq9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxqGcx9UI8EixgBGsjDWy7H2I99v30IXtKa46TDeyKU3XmQKvELUgFCjQH9ld/GJEkpEITjpXquU6svRRLzQinWbmfKBpjMsEj2jNU4JAqL50nz9C5UYYoiKR5QqO5+nsjxaFSs9A3k3lOtezl4n9eL9HBlZcyESeaCrI4FCQc6QjlNaAhk5RoPjMEE8lMVkTGWGKiTVllU4K7/OVV0q5V3Xr1+r5eadwUdZTgFM7gAly4hAbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHxhAk1M=</latexit>

R2N

<latexit sha1_base64="HcCu6UjgzEf082k+YFF2HWGy1Uw=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiSloO6KblxJFfuANpbJdNoOnUzCzESoIV/ixoUibv0Ud/6NkzYLbT0wcDjnXu6Z40ecKe0439bK6tr6xmZhq7i9s7tXsvcPWiqMJaFNEvJQdnysKGeCNjXTnHYiSXHgc9r2J1eZ336kUrFQ3OtpRL0AjwQbMoK1kfp2qRdgPfb95C59SKo3ad8uOxVnBrRM3JyUIUejb3/1BiGJAyo04ViprutE2kuw1IxwmhZ7saIRJhM8ol1DBQ6o8pJZ8BSdGGWAhqE0T2g0U39vJDhQahr4ZjKLqRa9TPzP68Z6eO4lTESxpoLMDw1jjnSIshbQgElKNJ8agolkJisiYywx0aaroinBXfzyMmlVK26tcnFbK9cv8zoKcATHcAounEEdrqEBTSAQwzO8wpv1ZL1Y79bHfHTFyncO4Q+szx/SaZM3</latexit>

R

<latexit sha1_base64="CXNKG++c9rMgUBpabKp1eeEW3kg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ9sh5JJb9vQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJeeeIBZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESqHVCNgktsGG4EtmOFNAwEtoLxTea3nlBpHskHM4nRD+lQ8gFn1FjpsRtSMwqC9H7aK1fcqjsDWSZeTiqQo94rf3X7EUtClIYJqnXHc2Pjp1QZzgROS91EY0zZmA6xY6mkIWo/nSWekhOr9MkgUvZJQ2bq742UhlpPwsBOZgn1opeJ/3mdxAwu/ZTLODEo2fyjQSKIiUh2PulzhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqnVev7s4rteu8jiIcwTGcggcXUINbqEMDGEh4hld4c7Tz4rw7H/PRgpPvHMIfOJ8/wT+Q/g==</latexit>



Find the unknot with RL

[Gukov, Halverson, FR, Sulkowski `20]
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Ribbon Knots and SPC 4



‣ We are interested in the slice decision problem 
 
 

‣ This is related to longstanding open conjectures: 
• Slice-Ribbon-Conjecture: Is every (smooth) slice knot a ribbon knot? 

• SPC4: Is every 4-sphere diffeomorphic to the standard 4-sphere? 

‣ If a knot is slice, it is concordant to the unknot

Sliceness and Ribbonness

(Smooth / topological) slice decision problem 
Does a knot              bound a (smooth/locally flat) disk in the 4-ball

<latexit sha1_base64="IM6jroTNFZiOf1ZOVxbSRO3X8M0=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjNa1GXRjeCmon1AZyyZTKYNzWNIMkIZ+hfiVr/Dnbj1B/wM/8BM24W1Hgg5nHMu3HvChFFtXPfLKSwtr6yuFddLG5tb2zvl3b2WlqnCpIklk6oTIk0YFaRpqGGkkyiCeMhIOxxe5X77kShNpbg3o4QEHPUFjSlGxkr+ja/TUBMD7x5Oe+WKW3UngIvEm5EKmKHRK3/7kcQpJ8JghrTuem5iggwpQzEj45KfapIgPER90rVUIE50kE12HsMjq0Qwlso+YeBE/T2RhSG3qVCyCOoRt7+esxHXuWwjHJnBgpeL/3nd1MQXQUZFkhoi8HSPOGXQSJj3AyOqCDZsZAnCitpTIB4ghbCxLZZsR97fRhZJ66TqnVVrt7VK/XLWVhEcgENwDDxwDurgGjRAE2CQgGfwAl6dJ+fNeXc+ptGCM5vZB3NwPn8Ae9+drQ==</latexit>

K ⇢ S3



‣ How do we relate the question of whether a knot bounds a disk in a 4-
ball to RL? 
 

Rephrasing the problem for RL

Construct link concordance (by adding bands) until one obtains the unknot
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‣ How do we relate the question of whether a knot bounds a disk in a 4-
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Rephrasing the problem for RL
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‣ How do we relate the question of whether a knot bounds a disk in a 4-
ball to RL? 
 

Rephrasing the problem for RL
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‣ How do we relate the question of whether a knot bounds a disk in a 4-
ball to RL? 
 

Rephrasing the problem for RL

Construct link concordance (by adding bands) until one obtains the unknot
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• Generate a random (complicated) knot 
 
 
 
 

• “Double” the knot to turn it into a band,  
choosing random band intersections 
 

Generate training set (algorithm 1)
• Insert a few twists 

 
 
 
 

• Cut the band open and put it in 
between two knots (we choose 
unknots)

i

i s



• Symmetric knots are ribbon 
 
 
 
 
 
 

Generate training set (algorithm 2)

[image: Seelinger `13]

• Generate random braid w/ even number of generators 
 
 
 

• Reflect & insert crossings in the middle 
 
 
 

• Identify ends pair-wise

+ +



‣ Manolescu-Piccirillo constructed a family of 3375 links 
                                              ) 

‣ Out of them, 1051 have signature 0 and their Alexander  
poly factorizes to satisfy the Fox-Minor criterion

‣ 892 G- and 893 B-type links are found to have fusion  
number 1 within 5 min (unknot after adding 1 band) 

‣ In 17 cases, B was found to be ribbon but not K, or vice versa  
(potential SPC4 counterexamples) 

• Trying these knots longer left 3 potential counter-examples, 

• Ciprian and Lisa ruled out using other techniques by hand 

‣ 10 cases have no known slice obstructions (checked concordance invariants signature, 
Rasmussen, Tau, HKL                                ) but neither the B nor the K link were shown to 
be ribbon with our techniques (we are running a yet more focused search)

Databases of interesting knots

[Manolescu,Piccirillo `21]

[Fox,Milnor `66]

[Herald, Kirk, Livingston `10]



‣ Knots have been classified up to O(15) crossings or so. We can run the 
program on all of them and check. Up to 14 crossings, there are 27 
“oddities”, i.e., knots with no known slice obstruction that are not known to 
be slice or ribbon. We found bands for 5 of them, proving they are ribbon. 

‣ Gompf-Scharlemann-Thompson proposed a family of knots that could 
serve as a potential counterexample to the slice-ribbon conjecture. We 
could not find bands for these examples 

‣ Owens-Swenton proposed an algorithm for finding ribbon disks in 
alternating knots. They provide a database of alternating ribbon knots up 
to 20 crossings. The status of some remains unresolved (with a bounty of 
$10 per knot to resolve their property).

Databases of interesting knots

[Gompf, Scharlemann, Thompson `13]

[SnappPy Database]

[Ownes, Swenton `21]



Reinforcement Learning for Bands
‣ States: a representation of the knot + band (we choose a matrix 

representation based on dual graphs)

O
t.is

iii iii

Fb



States
O

t.is
iii iii

Fb

‣ States: four                              matrices 

• Graph: Gives the dual graph of the link (encoded as a signed adjacency matrix that encodes over- 
and under-crossings

<latexit sha1_base64="HU16miOJE8E7XytrIM4PMYG39x4=">AAACG3icbVBPS8MwHE39O+e/6o5egkOYCKMdQz0OvXiSCe4PbGWkabqFJW1JUqGU+U3Eq34Ob+LVgx/Db2Da9eCcD0Ie770f+eW5EaNSWdaXsbK6tr6xWdoqb+/s7u2bB4ddGcYCkw4OWSj6LpKE0YB0FFWM9CNBEHcZ6bnT68zvPRAhaRjcqyQiDkfjgPoUI6WlkVlpPtZuzxqnQ0U5kTDnI7Nq1a0ccJnYBamCAu2R+T30QhxzEijMkJQD24qUkyKhKGZkVh7GkkQIT9GYDDQNkH7KSfPlZ/BEKx70Q6FPoGCu/p5IXZfrlBsyD8qE61su2IjLTNYRjtRkycvE/7xBrPxLJ6VBFCsS4PkefsygCmFWFPSoIFixRBOEBdVfgXiCBMJK11nWHdl/G1km3UbdPq8375rV1lXRVgkcgWNQAza4AC1wA9qgAzBIwDN4Aa/Gk/FmvBsf8+iKUcxUwAKMzx/C358r</latexit>

4 (N + 2)⇥ (N + 2)

<latexit sha1_base64="2W/1+jlqVPv3E1VPBwnyLvsBnpI="></latexit>0

BBBB@

0 1 �2 3 0
�1 0 0 0 �3
2 0 0 0 2

�3 0 0 0 �1
0 3 �2 1 0

1

CCCCA



‣ States: four                              matrices 

• Graph: Gives the dual graph of the link (encoded as a signed adjacency matrix that encodes over- 
and under-crossings  

• Components: Labels each vertex according to the link component int belongs to

States
O

t.is
iii iii

Fb

<latexit sha1_base64="2W/1+jlqVPv3E1VPBwnyLvsBnpI="></latexit>0

BBBB@

0 1 �2 3 0
�1 0 0 0 �3
2 0 0 0 2

�3 0 0 0 �1
0 3 �2 1 0

1

CCCCA

<latexit sha1_base64="gB2IH55LR5KbMMngbJOxGkkP4H0="></latexit>0

BBBB@

0 1 1 1 0
1 0 0 0 1
1 0 0 0 1
1 0 0 0 1
0 1 0 1 0

1

CCCCA

<latexit sha1_base64="HU16miOJE8E7XytrIM4PMYG39x4=">AAACG3icbVBPS8MwHE39O+e/6o5egkOYCKMdQz0OvXiSCe4PbGWkabqFJW1JUqGU+U3Eq34Ob+LVgx/Db2Da9eCcD0Ie770f+eW5EaNSWdaXsbK6tr6xWdoqb+/s7u2bB4ddGcYCkw4OWSj6LpKE0YB0FFWM9CNBEHcZ6bnT68zvPRAhaRjcqyQiDkfjgPoUI6WlkVlpPtZuzxqnQ0U5kTDnI7Nq1a0ccJnYBamCAu2R+T30QhxzEijMkJQD24qUkyKhKGZkVh7GkkQIT9GYDDQNkH7KSfPlZ/BEKx70Q6FPoGCu/p5IXZfrlBsyD8qE61su2IjLTNYRjtRkycvE/7xBrPxLJ6VBFCsS4PkefsygCmFWFPSoIFixRBOEBdVfgXiCBMJK11nWHdl/G1km3UbdPq8375rV1lXRVgkcgWNQAza4AC1wA9qgAzBIwDN4Aa/Gk/FmvBsf8+iKUcxUwAKMzx/C358r</latexit>

4 (N + 2)⇥ (N + 2)



States
O

t.is
iii iii

Fb

<latexit sha1_base64="2W/1+jlqVPv3E1VPBwnyLvsBnpI="></latexit>0

BBBB@

0 1 �2 3 0
�1 0 0 0 �3
2 0 0 0 2

�3 0 0 0 �1
0 3 �2 1 0

1

CCCCA

<latexit sha1_base64="gB2IH55LR5KbMMngbJOxGkkP4H0="></latexit>0

BBBB@

0 1 1 1 0
1 0 0 0 1
1 0 0 0 1
1 0 0 0 1
0 1 0 1 0

1

CCCCA

‣ States: four                              matrices 

• Graph: Gives the dual graph of the link (encoded as a signed adjacency matrix that encodes over- 
and under-crossings  

• Components: Labels each vertex according to the link component int belongs to 

• Band: The path of the band, expressed as numbered faces in the adjacency matrix; signs indicate 
over/under

<latexit sha1_base64="Z07To7lYpmM1GCqnxvxrqRuVOpA="></latexit>0

BBBB@

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

1

CCCCA

<latexit sha1_base64="HU16miOJE8E7XytrIM4PMYG39x4=">AAACG3icbVBPS8MwHE39O+e/6o5egkOYCKMdQz0OvXiSCe4PbGWkabqFJW1JUqGU+U3Eq34Ob+LVgx/Db2Da9eCcD0Ie770f+eW5EaNSWdaXsbK6tr6xWdoqb+/s7u2bB4ddGcYCkw4OWSj6LpKE0YB0FFWM9CNBEHcZ6bnT68zvPRAhaRjcqyQiDkfjgPoUI6WlkVlpPtZuzxqnQ0U5kTDnI7Nq1a0ccJnYBamCAu2R+T30QhxzEijMkJQD24qUkyKhKGZkVh7GkkQIT9GYDDQNkH7KSfPlZ/BEKx70Q6FPoGCu/p5IXZfrlBsyD8qE61su2IjLTNYRjtRkycvE/7xBrPxLJ6VBFCsS4PkefsygCmFWFPSoIFixRBOEBdVfgXiCBMJK11nWHdl/G1km3UbdPq8375rV1lXRVgkcgWNQAza4AC1wA9qgAzBIwDN4Aa/Gk/FmvBsf8+iKUcxUwAKMzx/C358r</latexit>

4 (N + 2)⇥ (N + 2)
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O
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Fb

<latexit sha1_base64="2W/1+jlqVPv3E1VPBwnyLvsBnpI="></latexit>0

BBBB@

0 1 �2 3 0
�1 0 0 0 �3
2 0 0 0 2

�3 0 0 0 �1
0 3 �2 1 0

1

CCCCA

<latexit sha1_base64="gB2IH55LR5KbMMngbJOxGkkP4H0="></latexit>0

BBBB@

0 1 1 1 0
1 0 0 0 1
1 0 0 0 1
1 0 0 0 1
0 1 0 1 0

1

CCCCA

<latexit sha1_base64="Z07To7lYpmM1GCqnxvxrqRuVOpA="></latexit>0

BBBB@

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

1

CCCCA

‣ States: four                              matrices 

• Graph: Gives the dual graph of the link (encoded as a signed adjacency matrix that encodes over- 
and under-crossings  

• Components: Labels each vertex according to the link component int belongs to 

• Band: The path of the band, expressed as numbered faces in the adjacency matrix; signs indicate 
over/under 

• Twists: Indicates the number (and direction) of band twists

<latexit sha1_base64="Z07To7lYpmM1GCqnxvxrqRuVOpA="></latexit>0

BBBB@

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

1

CCCCA

<latexit sha1_base64="HU16miOJE8E7XytrIM4PMYG39x4=">AAACG3icbVBPS8MwHE39O+e/6o5egkOYCKMdQz0OvXiSCe4PbGWkabqFJW1JUqGU+U3Eq34Ob+LVgx/Db2Da9eCcD0Ie770f+eW5EaNSWdaXsbK6tr6xWdoqb+/s7u2bB4ddGcYCkw4OWSj6LpKE0YB0FFWM9CNBEHcZ6bnT68zvPRAhaRjcqyQiDkfjgPoUI6WlkVlpPtZuzxqnQ0U5kTDnI7Nq1a0ccJnYBamCAu2R+T30QhxzEijMkJQD24qUkyKhKGZkVh7GkkQIT9GYDDQNkH7KSfPlZ/BEKx70Q6FPoGCu/p5IXZfrlBsyD8qE61su2IjLTNYRjtRkycvE/7xBrPxLJ6VBFCsS4PkefsygCmFWFPSoIFixRBOEBdVfgXiCBMJK11nWHdl/G1km3UbdPq8375rV1lXRVgkcgWNQAza4AC1wA9qgAzBIwDN4Aa/Gk/FmvBsf8+iKUcxUwAKMzx/C358r</latexit>

4 (N + 2)⇥ (N + 2)
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‣ States: four                              matrices 

• Graph: Gives the dual graph of the link (encoded as a signed adjacency matrix that encodes over- 
and under-crossings  

• Components: Labels each vertex according to the link component int belongs to 

• Band: The path of the band, expressed as numbered faces in the adjacency matrix; signs indicate 
over/under 

• Twists: Indicates the number (and direction) of band twists

<latexit sha1_base64="2W/1+jlqVPv3E1VPBwnyLvsBnpI="></latexit>0

BBBB@

0 1 �2 3 0
�1 0 0 0 �3
2 0 0 0 2

�3 0 0 0 �1
0 3 �2 1 0

1

CCCCA

<latexit sha1_base64="gB2IH55LR5KbMMngbJOxGkkP4H0="></latexit>0
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0 1 1 1 0
1 0 0 0 1
1 0 0 0 1
1 0 0 0 1
0 1 0 1 0

1

CCCCA

<latexit sha1_base64="Z07To7lYpmM1GCqnxvxrqRuVOpA="></latexit>0
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0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

1
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<latexit sha1_base64="WOZfc1a/UekCR1T78uJ2HcbrZLs="></latexit>0
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1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

1

CCCCA

<latexit sha1_base64="HU16miOJE8E7XytrIM4PMYG39x4=">AAACG3icbVBPS8MwHE39O+e/6o5egkOYCKMdQz0OvXiSCe4PbGWkabqFJW1JUqGU+U3Eq34Ob+LVgx/Db2Da9eCcD0Ie770f+eW5EaNSWdaXsbK6tr6xWdoqb+/s7u2bB4ddGcYCkw4OWSj6LpKE0YB0FFWM9CNBEHcZ6bnT68zvPRAhaRjcqyQiDkfjgPoUI6WlkVlpPtZuzxqnQ0U5kTDnI7Nq1a0ccJnYBamCAu2R+T30QhxzEijMkJQD24qUkyKhKGZkVh7GkkQIT9GYDDQNkH7KSfPlZ/BEKx70Q6FPoGCu/p5IXZfrlBsyD8qE61su2IjLTNYRjtRkycvE/7xBrPxLJ6VBFCsS4PkefsygCmFWFPSoIFixRBOEBdVfgXiCBMJK11nWHdl/G1km3UbdPq8375rV1lXRVgkcgWNQAza4AC1wA9qgAzBIwDN4Aa/Gk/FmvBsf8+iKUcxUwAKMzx/C358r</latexit>
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‣ States: four                              matrices 

• Graph: Gives the dual graph of the link (encoded as a signed adjacency matrix that encodes over- 
and under-crossings  

• Components: Labels each vertex according to the link component int belongs to 

• Band: The path of the band, expressed as numbered faces in the adjacency matrix; signs indicate 
over/under 

• Twists: Indicates the number (and direction) of band twists

<latexit sha1_base64="2W/1+jlqVPv3E1VPBwnyLvsBnpI="></latexit>0

BBBB@

0 1 �2 3 0
�1 0 0 0 �3
2 0 0 0 2

�3 0 0 0 �1
0 3 �2 1 0

1

CCCCA

<latexit sha1_base64="gB2IH55LR5KbMMngbJOxGkkP4H0="></latexit>0

BBBB@

0 1 1 1 0
1 0 0 0 1
1 0 0 0 1
1 0 0 0 1
0 1 0 1 0

1

CCCCA

<latexit sha1_base64="Z07To7lYpmM1GCqnxvxrqRuVOpA="></latexit>0

BBBB@

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

1

CCCCA

<latexit sha1_base64="4OnRJXwxfohrAV+fAM4lRz4fEhg="></latexit>0

BBBB@

1 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0

1

CCCCA

<latexit sha1_base64="HU16miOJE8E7XytrIM4PMYG39x4=">AAACG3icbVBPS8MwHE39O+e/6o5egkOYCKMdQz0OvXiSCe4PbGWkabqFJW1JUqGU+U3Eq34Ob+LVgx/Db2Da9eCcD0Ie770f+eW5EaNSWdaXsbK6tr6xWdoqb+/s7u2bB4ddGcYCkw4OWSj6LpKE0YB0FFWM9CNBEHcZ6bnT68zvPRAhaRjcqyQiDkfjgPoUI6WlkVlpPtZuzxqnQ0U5kTDnI7Nq1a0ccJnYBamCAu2R+T30QhxzEijMkJQD24qUkyKhKGZkVh7GkkQIT9GYDDQNkH7KSfPlZ/BEKx70Q6FPoGCu/p5IXZfrlBsyD8qE61su2IjLTNYRjtRkycvE/7xBrPxLJ6VBFCsS4PkefsygCmFWFPSoIFixRBOEBdVfgXiCBMJK11nWHdl/G1km3UbdPq8375rV1lXRVgkcgWNQAza4AC1wA9qgAzBIwDN4Aa/Gk/FmvBsf8+iKUcxUwAKMzx/C358r</latexit>
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<latexit sha1_base64="2W/1+jlqVPv3E1VPBwnyLvsBnpI="></latexit>0

BBBB@

0 1 �2 3 0
�1 0 0 0 �3
2 0 0 0 2

�3 0 0 0 �1
0 3 �2 1 0

1

CCCCA

<latexit sha1_base64="gB2IH55LR5KbMMngbJOxGkkP4H0="></latexit>0

BBBB@

0 1 1 1 0
1 0 0 0 1
1 0 0 0 1
1 0 0 0 1
0 1 0 1 0

1

CCCCA

<latexit sha1_base64="Z07To7lYpmM1GCqnxvxrqRuVOpA="></latexit>0

BBBB@

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

1

CCCCA

‣ States: four                              matrices 

• Graph: Gives the dual graph of the link (encoded as a signed adjacency matrix that encodes over- 
and under-crossings  

• Components: Labels each vertex according to the link component int belongs to 

• Band: The path of the band, expressed as numbered faces in the adjacency matrix; signs indicate 
over/under 

• Twists: Indicates the number (and direction) of band twists

<latexit sha1_base64="r4W193MePZTO0u35A9ra3iE2/JE="></latexit>0

BBBB@

1 0 0 0 0
0 0 0 0 0
0 0 1 0 �1
0 0 0 0 0
0 0 �1 0 1

1

CCCCA

<latexit sha1_base64="HU16miOJE8E7XytrIM4PMYG39x4=">AAACG3icbVBPS8MwHE39O+e/6o5egkOYCKMdQz0OvXiSCe4PbGWkabqFJW1JUqGU+U3Eq34Ob+LVgx/Db2Da9eCcD0Ie770f+eW5EaNSWdaXsbK6tr6xWdoqb+/s7u2bB4ddGcYCkw4OWSj6LpKE0YB0FFWM9CNBEHcZ6bnT68zvPRAhaRjcqyQiDkfjgPoUI6WlkVlpPtZuzxqnQ0U5kTDnI7Nq1a0ccJnYBamCAu2R+T30QhxzEijMkJQD24qUkyKhKGZkVh7GkkQIT9GYDDQNkH7KSfPlZ/BEKx70Q6FPoGCu/p5IXZfrlBsyD8qE61su2IjLTNYRjtRkycvE/7xBrPxLJ6VBFCsS4PkefsygCmFWFPSoIFixRBOEBdVfgXiCBMJK11nWHdl/G1km3UbdPq8375rV1lXRVgkcgWNQAza4AC1wA9qgAzBIwDN4Aa/Gk/FmvBsf8+iKUcxUwAKMzx/C358r</latexit>

4 (N + 2)⇥ (N + 2)



States
O

t.is
iii iii

Fb

Eist

7
É

<latexit sha1_base64="2W/1+jlqVPv3E1VPBwnyLvsBnpI="></latexit>0

BBBB@

0 1 �2 3 0
�1 0 0 0 �3
2 0 0 0 2

�3 0 0 0 �1
0 3 �2 1 0

1

CCCCA

<latexit sha1_base64="gB2IH55LR5KbMMngbJOxGkkP4H0="></latexit>0

BBBB@

0 1 1 1 0
1 0 0 0 1
1 0 0 0 1
1 0 0 0 1
0 1 0 1 0

1

CCCCA

<latexit sha1_base64="Z07To7lYpmM1GCqnxvxrqRuVOpA="></latexit>0

BBBB@

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

1

CCCCA

‣ States: four                              matrices 

• Graph: Gives the dual graph of the link (encoded as a signed adjacency matrix that encodes over- 
and under-crossings  

• Components: Labels each vertex according to the link component int belongs to 

• Band: The path of the band, expressed as numbered faces in the adjacency matrix; signs indicate 
over/under 

• Twists: Indicates the number (and direction) of band twists

<latexit sha1_base64="79Bjm4Bi6eK8iBk2nWtbfsYjib4="></latexit>0

BBBB@

1 0 0 0 0
0 1 0 0 0
0 0 1 0 �1
0 0 0 0 0
0 0 �1 0 1

1

CCCCA

<latexit sha1_base64="HU16miOJE8E7XytrIM4PMYG39x4=">AAACG3icbVBPS8MwHE39O+e/6o5egkOYCKMdQz0OvXiSCe4PbGWkabqFJW1JUqGU+U3Eq34Ob+LVgx/Db2Da9eCcD0Ie770f+eW5EaNSWdaXsbK6tr6xWdoqb+/s7u2bB4ddGcYCkw4OWSj6LpKE0YB0FFWM9CNBEHcZ6bnT68zvPRAhaRjcqyQiDkfjgPoUI6WlkVlpPtZuzxqnQ0U5kTDnI7Nq1a0ccJnYBamCAu2R+T30QhxzEijMkJQD24qUkyKhKGZkVh7GkkQIT9GYDDQNkH7KSfPlZ/BEKx70Q6FPoGCu/p5IXZfrlBsyD8qE61su2IjLTNYRjtRkycvE/7xBrPxLJ6VBFCsS4PkefsygCmFWFPSoIFixRBOEBdVfgXiCBMJK11nWHdl/G1km3UbdPq8375rV1lXRVgkcgWNQAza4AC1wA9qgAzBIwDN4Aa/Gk/FmvBsf8+iKUcxUwAKMzx/C358r</latexit>

4 (N + 2)⇥ (N + 2)



Reinforcement Learning for Bands
‣ States: a representation of the knot + band (we choose a matrix 

representation based on dual graphs) 
‣ Actions: where to start the band + where to move it over/under + twists 

+ where to end it 
• Mask illegal actions 

• Force to attach if self-avoiding walk ends; if attach impossible (since vertex 
belongs to different component)      terminal state 

• Forbid twisting indefinitely and twisting back and forth 

• Set max number of actions before reset

<latexit sha1_base64="tDOv3ieW4Hcw57YXmdnbFx8PEpk=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsq9gHToWQymTY0jyHJKGXoV4hb/Q534tYv8DP8AzPtLKz1QMjhnHPh3hMmjGrjul9OaWV1bX2jvFnZ2t7Z3avuH3S0TBUmbSyZVL0QacKoIG1DDSO9RBHEQ0a64fg697sPRGkqxb2ZJCTgaChoTDEyVvL7d3Q4Mkgp+Tio1ty6OwNcJl5BaqBAa1D97kcSp5wIgxnS2vfcxAQZUoZiRqaVfqpJgvAYDYlvqUCc6CCbrTyFJ1aJYCyVfcLAmfp7IgtDblOhZBHUE25/vWAjrnPZRjgyoyUvF//z/NTEl0FGRZIaIvB8jzhl0EiY1wMjqgg2bGIJworaUyAeIYWwsSVWbEfe30aWSees7p3XG7eNWvOqaKsMjsAxOAUeuABNcANaoA0wkOAZvIBX58l5c96dj3m05BQzh2ABzucPwned5w==</latexit>)
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‣ Actions: 
‣ Essentially a self-avoiding random 

walk 
‣ Predicted by a Neural Network

[image taken from stack exchange]



Reinforcement Learning for Bands
‣ States: a representation of the knot + band (we choose a matrix 

representation based on dual graphs) 
‣ Actions: where to start the band + where to move it over/under + twists 

+ where to end it 
‣ Terminal states: Unknot (or unlinked unknots) or stuck 
‣ Reward:  

• (Optional): After attaching the band, the number of crossings of the old minus new 
link:  

• Final reward when the knot is shown to be ribbon

<latexit sha1_base64="yiURRd7DPNEzqeO4sicTh437zbw="></latexit>

R = NX(Lold)�NX(Lnew)



Ribbon Knots Performance



Ribbon Knots

K14n11236

start under attach

simplify

starttwistover

simplify

attach



Try it yourself…

https://github.com/ruehlef/ribbon



Multiple Postdoc Positions at Northeastern

• Groups of Halverson and Ruehle


• Deadline December 1st



Multiple Postdoc Positions at IAIFI

• Work at MIT with scientists from Harvard, MIT, Northeastern, Tufts


• 3 years


• Deadline October 10

‣More info: 
https://iaifi.org/fellows 

‣Job ad / application: 
https://academicjobsonline.org/ajo/jobs/25055

https://iaifi.org/fellows


‣ Bayes RW performs very well 
‣ Can rule out essentially all 

proposed counter-examples 
to SPC4 

‣ Proved ribbonness for new 
knots

Recap
1 Knots as RL problems

2 The Unknot Decision Problem 

3 Ribbon knots and SPC4

‣ Need provable results 
‣ Can break up manipulations 

in set of (Reidemeister) moves

‣ TRPO achieves consistency 
good performance over 
many crossings


